Classification of line-soliton solutions in 2 +1 dimensional integrable equations(From Soliton Theory to a Mathematics of Integrable Systems : " New Perspectives ") by 児玉, 裕治 & 丸野, 健一
Title
Classification of line-soliton solutions in 2 +1 dimensional
integrable equations(From Soliton Theory to a Mathematics of
Integrable Systems : " New Perspectives ")
Author(s)児玉, 裕治; 丸野, 健一








Classification of line-soliton solutions in 2+1 dimensional
integrable equations
(Yuji Kodama) a, (Ken-ichi Maruno) b
a
Department ofMathematics, Ohio State University, Columbus, OH
43210
b
Faculty ofMathematics, Kyushu University,
Hakozaki, Higashi\cdot ku, Fukuoka, 812\cdot S581, Japan
Abstract. DKP (Coupled $\mathrm{K}\mathrm{P}$ , Pfaff lattice)
$\{\begin{array}{l}(-4D_{x}D_{t}D_{x}^{4}+3D_{y}^{2})\tau_{n}\cdot\tau_{n}=24\tau_{n-1}\tau_{n+1}n=1,2,\ldots(2D_{t}+D_{x}^{3}\mp 3D_{x}D_{y})\tau_{n\pm \mathrm{l}}\cdot\tau_{n}=0\end{array}$
$(\tau_{0}=1)$ .
1. DKP $\mathrm{D}$ Weyl
DKP ,
Coupled $\mathrm{K}\mathrm{P}$ , ,
Pfaff lattice [7, 3, 1, 8].
$\{\begin{array}{l}(-4D_{x}D_{t}+D_{x}^{4}+3D_{y}^{2})\tau_{n}\cdot\tau_{n}=24\tau_{n-1}\tau_{n+1}(2D_{l}+D_{x}^{3}\mp 3D_{x}D_{y})\tau_{n\pm 1}\cdot\tau_{n}=0\end{array}$ $n=1,2,$ . . (1.1)
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. $\tau_{0}=1$ , $D_{x},$ $D_{y},$ $D_{t}$
.
$u=2(\ln\tau_{x})_{xx}$ $v^{\pm}=\tau_{n}\pm 1/\tau_{n}$ Coupled KP
$(\mathrm{c}\mathrm{K}\mathrm{P})$ [3],
$\{\begin{array}{l}(-4u_{t}+u_{xxx}+6uu_{x})_{x}-3u_{yy}+24(v^{+}v^{-})_{xx}=02v_{t}^{\pm}+v_{xxx}^{\pm}+3uv_{x}^{\pm}\mp 3(v_{xy}^{\pm}+v^{\pm}\int^{x}u_{y}dx)=0\end{array}$
. Coupled $\mathrm{K}\mathrm{P}$ ,
spider web $[5, 6]$ .
\sim % Q $j$ $(Qj,i=-Q_{i,j}, 1\leq i<j\leq 2n)$
Q Pfaffian :
$\tau_{n}=\mathrm{P}\mathrm{f}(Q_{n})=$ $\sum$ $\sigma(i_{1},$ $j_{1},$
$\ldots,$
$i_{n},$ $j_{n})Q_{i_{1},j_{1}}Q_{i_{2},j_{2}}\cdots Q_{i_{n},j_{n}}$ .
$1=i_{1}<\cdots<\mathrm{i}_{n}\leq 2n$







$\frac{\partial}{\partial t_{k}}Q_{i,j}=Q_{i+k,j}+Q_{i,j+k}$ , $k=1,2,$ $\ldots$
($t1=x,$ $t_{2}=y,$ $t_{3}=t$ , symmetry ). $Q_{i,j}$
[31:
$Q_{i,j}=|\begin{array}{ll}\phi^{(i-1)} \phi^{(j-1)}\psi^{(i-1)} \psi^{(j-1)}\end{array}|$ , for $i<j$
$(\phi^{(k)}=\partial^{k}\phi/\partial x^{k})$ . $\phi$ $\psi$ :
$\frac{\partial\phi}{\partial y}=\frac{\partial^{2}\phi}{\partial x^{2}}$ , $\frac{\partial\phi}{\partial t}=\frac{\partial^{3}\phi}{\partial x^{3}}$ .
, $a_{m},$ $b_{m}(m=1, \ldots, M)$
$\phi(x, y, t)=\sum_{m=1}^{M}a_{m}E_{m}(x, y, t)$ , $\psi(x, y,t)=\sum_{m=1}^{M}b_{m}E_{m}(x, y, t)$ , (1.3)
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. $E_{m}(x, y, t)$
$E_{m}(x, y, t):=e^{\theta_{m}}$ with $\theta_{m}(x, y, t)=p_{m}x+p_{m}^{2}y+p_{m}^{3}t+\theta_{m}^{0}$ ,
. $p_{m}$ $\theta_{m}^{0}$ . $\mathrm{p}:=(p_{1},p_{2},$ $\cdots$ ,pM
$p_{1}<p_{2}<\cdots<p_{M}$ , (1.4)
. , $Q_{i,j},$ $\mathrm{I}\leq i<j\leq 2n$
$Q_{i,j}= \sum_{1\leq k<l\leq M}b_{k,l}|\begin{array}{ll}E_{k}^{(i-1)} E_{k}^{(j-1)}E_{l}^{(i-1)} E_{l}^{(j-1)}\end{array}|$ ,
$= \sum_{1\leq k<l\leq M}b_{k,l}(p_{k}p_{l})^{i-1}(p_{l}^{i-i}-p_{k}^{j-i})E_{k,l}$
(1.5)
( , $b_{k,l}=a_{k}b_{l}-a_{l}b_{k},$ $E_{k,l}:=E_{k}E_{l}=\exp(\theta_{k}+\theta_{l})$ ).
Wronski pfaffian , DKP
Gram pfaffian $[3, 9]$ .
$Q_{i,j}$ . $M\rangle \mathrm{e}M$ $B=(b_{k,l})_{1\leq k,l\leq M}$
. \mbox{\boldmath $\tau$}\mbox{\boldmath $\tau$} $\tau_{n}$ $2n\mathrm{x}2n$ $Q_{n}$
$Q_{n}(x, y, t)=\mathcal{E}_{n}(x, y, t)B\mathcal{E}_{n}(x, y, t)^{T}$ (1.6)
. $\mathcal{E}_{n}$ $2n\mathrm{x}M$ , $\mathcal{E}_{n}^{T}$ ,
:
$\mathcal{E}_{n}=\{$
$E_{1}$ $E_{2}$ . . . $E_{M}$
.$\cdot$. .$\cdot$. ... .$\cdot$.
$E_{1}^{(2n-1)}E_{2}^{(2n-1)}$ . . . $E_{M}^{(2n-}$$\backslash E_{1}^{(2n-1)}E_{2}^{(2n-1)}$ . $E_{M}^{(2n-1)}f$
, $B$-matrix (1.6)
. $M=2$ $\tau_{1}=Q_{1,2}=b_{1,2}(p_{2}-p_{1})E_{1}E_{2}$ ,
$u=2(\ln\tau_{1})_{xx}=0$ , $M>2$ . $\tau_{n}\neq 0$
( $u=2(\ln\tau_{n})_{xx}\neq 0$ ) $M\geq 2n$
.
$\tau_{n+1}=0(v^{+}=0)$ , $\mathrm{K}\mathrm{P}$ ,
$B$-matrix . $M=3$ , $\tau_{2}$ 0
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(pfaffian 4 $\mathrm{x}4$ exponential 3
). $M=3$ $\tau_{1}$ $\mathrm{K}\mathrm{P}$
, $\mathrm{K}\mathrm{P}1$ - $\mathrm{Y}$ :
3 $\mathrm{x}3B$-matrix $\tau$
$\tau_{1}=Q_{1,2}=b_{1,2}(p_{2}-p_{1})E_{1}E_{2}+b_{1,3}(p_{3}-p_{1})E_{1}E_{3}+b_{2,3}(p_{3}-p_{2})E_{2}E_{3}$ ,
. $u=2\partial^{2}\ln\tau_{1}/\partial x^{2}$ $b_{i,j}$ 0 $\mathrm{K}\mathrm{P}$ 1-
, $b_{i,j}$ $\mathrm{Y}$ .
, $b_{1,2}=0$ , $\tau_{1}=(b_{1,3}(p_{3}-p_{1})E_{1}+b_{2,3}(p_{3}-p_{2})E_{2})E_{3}$ ,
$w(x, y_{7}t)$ $:=$ $\frac{\partial}{\partial x}\ln\tau_{1}=p_{3}+\frac{1}{2}(p_{1}+p_{2})+\frac{1}{2}(p_{2}-p_{1})\tanh\frac{1}{2}(\theta_{2}-\theta_{1}),(1.7)$
. $vJ$
$w(x, y, t)arrow\{\begin{array}{l}p_{1}+p_{3},xarrow-\infty p_{2}+p_{3},xarrow\infty\end{array}$
. 1- $(1_{7}3):=p_{1}+p_{3}$ $(2, 3)$ $:=p_{2}+p_{3}$
. 1- (1) $rightarrow(2)$ .
$\mathrm{K}\mathrm{P}$ 1- W( $W=S_{3}$)
. 1- (1.7) [1 : 2] ,
A-soliton (“$\mathrm{A}$” $\mathrm{K}\mathrm{P}$ A
). , $w$ $rightarrow$ IA-soliton
$[i:j]$ .
DKP $M\geq 4$ . , $M=4$
, $B$-matrix 2 1-
. , $b_{1,2}=1,$ $b_{3,4}=1$ $b_{i,j}=0(i<j)$ B-matrix
.
$\tau_{1}=Q_{1,2}=(p_{2}-p_{1})E_{1}E_{2}+(p_{4}-p_{3})E_{3}E_{4}$ ,
$w(x, y, t):= \frac{\partial}{\partial x}\ln\tau_{1}$
124
$= \frac{1}{2}\sum_{k=1}^{4}p_{k\mathrm{L}}+\frac{1}{2}(p_{3}+p_{4}-p_{1}-p_{2})\tanh\frac{1}{2}(\theta_{34}-\theta_{12})$ (1.8)
$(\theta_{ij}=\theta_{i}+\theta_{j}+\ln|p_{i}-p_{j}|)$ . $xarrow\pm\infty$ , \mbox{\boldmath $\tau$}\mbox{\boldmath $\tau$}
1 . (1.8) ,
$w(x, y, t)arrow\{\begin{array}{l}p_{1}+p_{2},xarrow-\infty p_{3}+p_{4},xarrow\infty\end{array}$
. 1-soliton $w$ $(1, 2)$ $rightarrow(3,4)$ (
$(i,j):=(p_{l^{\tau}}+p_{j})$ ). $\mathrm{D}$ Weyl ,
$w_{1,2}\in W^{D}$ , $\mathrm{D}$ Weyl $\text{ }$ $\grave{7}rightarrow \mathrm{f}\mathrm{f}\mathrm{i}$ $\text{ }$ :
$w_{1,2}\cdot(\mathrm{i}_{1}, i_{2} : j_{1},j_{2})=(i_{2}, i_{1} : j_{2},j_{1})$ , $i_{1}=1,$ $i_{2}=3j_{1}\}=2,j_{2}=4$ .
$\mathrm{D}$-soliton , [1, 2 : 3, 4] . [1, 2 : 3, 4]
$(1, 2)rightarrow(3,4)$ \Phi , $[$ 1, 2 : 3, $4]=[1$ : 3$]$ $\cdot[2 : 4]=[1$ :
4] $\cdot[2$ : 3$]$ . $[i : j]$ A-soliton $(i)rightarrow(j)$ .
I $\mathrm{D}$-soliton 2A-soliton . ID-soliton
4 - , $N\mathrm{D}$-soliton
$M=4N$ .
2. DKP \mbox{\boldmath $\tau$}\mbox{\boldmath $\tau$}
- pfaffian $\tau$
[4]:
Lemma 2,1. (1.6) \mbox{\boldmath $\tau$}\mbox{\boldmath $\tau$} (1.2)
:
$\tau_{n}=\sum_{1\leq i_{1}<\cdots<i_{2n}\leq M}\mathrm{P}\mathrm{f}(B(i_{1}, \cdots, i_{2n}))\mathrm{D}\mathrm{e}\mathrm{t}(E(i_{1}, \cdots, i_{2n}))$
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$\bullet$ $E(i_{1}, \cdots, i_{2n})$ $2n\mathrm{x}M$ $\mathcal{E}_{n}$ $2n\mathrm{x}2n$ ,
$E(i_{1}, \cdots, i_{2n}):=(\begin{array}{lll}E_{i_{1}} \cdots E_{i_{2n}}\vdots \ddots \vdots E_{i_{1}}^{(2n-1)} \cdots E_{i_{2n}}^{(2n-1)}\end{array})$
$\bullet$ $B(i_{1}, \cdots, i_{2n})$ ” $M\mathrm{x}M$ $B$ $2n\mathrm{x}2n$ ,
$B(i_{1}, \cdots,i_{2k})=(\begin{array}{llll}0 b_{i_{1},i_{2}} b_{i_{12}\mathrm{i}_{2n}} 0 b_{i_{2},i_{2n}} \vdots 0 b_{i_{2n-1},i_{2n}} 0\end{array})$
$\mathrm{D}\mathrm{e}\mathrm{t}(E)$ Wronskian,
$\mathrm{D}\mathrm{e}\mathrm{t}(E(i_{1}, \cdots, i_{2n}))$ $:= \mathrm{W}\mathrm{r}(E_{i_{1}}, \cdots, E_{i_{2n}})=\prod_{m<n}(p_{i_{n}}-p_{i_{m}})\exp(\sum_{j=1}^{2n}\theta_{i_{j}})>0$ ,
( (1.4) ).
$n=2$ , pfaffian $\mathrm{P}\mathrm{f}$ ( $B$ ( $i_{1},$ $\cdots$ , i4))
$\mathrm{P}\mathrm{f}(B(i_{1}, \cdots, i_{4}))=b_{1,2}b_{3,4}-b_{1,3}b_{2,4}+b_{1,4}b_{2,3}$ ,
. (partial overlap) ,
. $(1, 3)$ $(2, 4)$
. 4-soliton .
Lemma 2.1 , (1.2) $\tau_{n}$ $n$ exponential $E_{k}$
,
$\prod_{\mathrm{i}=1}^{2n}E_{i_{j}}=\prod_{k=1}^{n}E_{i_{k},j_{k}}$ .
{ $i_{j}|i_{k}<i_{l}$ if $k<l,j=1,$ $\ldots,$ $2n$} $=\{i_{k},j_{k}|i_{k}<$




generic $4N\mathrm{x}4N$ $B(B\in\epsilon o(4N))$ , skew-Borel
[1]:
$B=\Lambda’J_{0}N^{T}$ ,
$N\in \mathcal{G}$ , $\mathcal{G}$
$\mathcal{G}:=\{\ovalbox{\tt\small REJECT} a_{1}****0a_{\#}***\mathrm{o}_{1}$
$.\cdot**\cdot..\cdot$
$.\cdot**\cdot..\cdot a_{n}000..\cdot..\cdot a_{n}000.\cdot.\cdot.\cdot\ovalbox{\tt\small REJECT}\}$ .
$J_{0}$ t , $(\begin{array}{ll}0 \mathrm{l}-1 0\end{array})$ 2 $\mathrm{x}2$ 0
$4N\mathrm{x}4N$
$\ovalbox{\tt\small REJECT}:=\ovalbox{\tt\small REJECT}-10001.\cdot.\cdot.\cdot$ $.\cdot.\cdot.\cdot-10010/\backslash$ , (2.1)
. $\epsilon \mathrm{o}(4N)$ non-generic $w\in S_{4N}(w^{-1}=w^{T})$









$B=NJ_{0}\mathcal{N}^{T}=\ovalbox{\tt\small REJECT} 0a_{0}^{2}-aba_{0}d-cd+be+f^{2}-aca_{0}e)$ , (2.2)
. $b_{1,2}=0$ , ( $B_{1}$ )
. , $B=s_{2,3}NJ_{0}N^{T}s_{2,3}^{-1}$
$s_{2,3}:=(\begin{array}{l}\mathrm{l}000\backslash 00\mathrm{l}00100’000\mathrm{l}/\end{array}$ $N=(\begin{array}{llll}a 0 0 00 a 0 0b d f 00 e 0 f\end{array})$ ,
. $B_{1}$ l
$B_{1}=$ s2,3NJ0 si;,3 $=(\begin{array}{llll}0 0 a^{2} ae ^{0} ab be+f^{2} 0 -ad 0\end{array})$ , (2.3)
. , $N=Id$ ,
$B_{1}=(\begin{array}{lll}0 0 \mathrm{l} 00 0 1 0 0 0\end{array}):=J_{1}$ . (2.4)
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$B$-matrix non-generic ( $B_{2}$ ) $b_{1,2}=b_{1,3}=0$
, $B_{2}=s_{2,4}NJ_{0}N^{T}s_{2,4}^{-1}$ ,
$B_{2}=(\begin{array}{l}000a^{2}\backslash 0f^{2}ac0-ab0/\end{array}$ , (2.5)
with
$w=s_{2,4}:=(\begin{array}{lll}\mathrm{l} 00 00 00 10 0-10 0 \mathrm{l}0 0\end{array})$ , $N=(\begin{array}{llll}a 0 0 \mathrm{O}0 a 0 0b 0 f 0c 0 0 f\end{array})$ ,
. , $N=Id$
$B_{2}=\ovalbox{\tt\small REJECT} 000001001\ovalbox{\tt\small REJECT}:=J_{2}$
, (2.6)
1 0/
. $J_{0},$ $J_{1},J_{2}$ I $\mathrm{D}$-soliton
.
, \mbox{\boldmath $\tau$}\mbox{\boldmath $\tau$} $\tau_{n}=\mathrm{P}\mathrm{f}(Q_{n})$ $J_{0}$
. , $J_{0}$ $J_{w}:=wJ_{0}w^{-1}(w\in S_{4N}\cap O(4N))$
$Q_{n}$ matrix . $w$ $\mathcal{E}_{n}$
,
$\mathcal{E}_{n}w:=(\mathrm{E}_{1}, \mathrm{E}_{2}, \ldots, \mathrm{E}_{4N})w=(\pm \mathrm{E}_{w(1)}, \pm \mathrm{E}_{w(2)}, \ldots, \pm \mathrm{E}_{w(4N)})$
. $\mathrm{E}_{k}:=(E_{k}, E_{k}^{(1\rangle}, \cdots, E_{k}^{(2n-1)})^{T}$ ,
$w(k)$ $karrow w(k)$ . $w$ \mbox{\boldmath $\tau$}\mbox{\boldmath $\tau$} $\tau_{n}’=(\mathcal{E}_{n}w)J_{0}(\mathcal{E}_{n}w)^{T}$
non-singular .
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Figure 1. $\mathrm{I}\mathrm{D}$-solitons. [1, 2 : 3, 4], [1, 3 : 2, 4],
[1, 4 : 2, 3]. $p_{1}=-2,$ $p_{2}=-1,$ $p_{3}=0$ ,
$p_{4}=3$
3. 1 $\mathrm{D}$-SOLITQN 2 $\mathrm{A}$-SOLITON
$4\cross 4$ $B$ . I $\mathrm{D}$-soliton 2A-soliton
.
3. $l.$ $D$-solitons
1 , I $\mathrm{D}$-soliton(1.8) . \mbox{\boldmath $\tau$}\mbox{\boldmath $\tau$} $\tau_{1}=\mathrm{P}\mathrm{f}(\mathcal{E}_{1}J_{0}\mathcal{E}_{1}^{T})$
. ( $J_{0}$ (2.1) , $\mathcal{E}_{1}$ Lemma 2.1
). $\mathrm{D}$-soliton [1, 2 : 3, 4] . ID-soliton
$[\mathrm{i}_{1}, j_{1} : i_{2},j_{2}]$ ( $i_{1}<i_{2},$ $i_{k}<j_{k}$ ). I
$\mathrm{D}$-soliton 3 :
[1, 2 : 3, 4], [1, 3 : 2, 4], [1, 4: 2, 3].
$[i,j : k, l]$ $B$-matrix ( $b_{i,j}$
$b_{k,l}$ ) ( 1). $(i_{1},j_{1})$ $(i_{2},j_{2})$ 1
$\ovalbox{\tt\small REJECT}$ -matrix , \mbox{\boldmath $\tau$}\mbox{\boldmath $\tau$}
$\tau_{1}=Q_{1,2}=(p_{i_{1}}-p_{i_{1}})E_{i_{1}}E_{j_{1}}+(p_{j_{2}}-p_{i_{2}})E_{i_{2}}E_{j_{2}}$ , (3. 1)
. $w=(\ln\tau_{1})_{x}$
$w(x, y, t):= \frac{\partial}{\partial x}\ln\tau_{1}$
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Figure 2. I $\mathrm{D}$-soliton $u_{ij}$ $ukl$ $\mathrm{D}$-soliton [$i,j$ :
$k,$ $l]$ . $\mathrm{D}$-solitons ,
A-solitons . $[1, 2]$ -soliton $u_{14}=u_{24}$
$u_{13}=u_{23}$ $c=-(p_{1}+p_{2})$ .
$= \frac{1}{2}\sum_{k=1}^{4}p_{k}+\frac{1}{2}(p_{i_{2}}+p_{j_{2}}-p_{i_{1}}-p_{j_{1}})\tanh\frac{1}{2}$ ( $\theta_{i_{2},j_{2}}-\theta_{i_{1}}$ , ) (3.2)
$(\theta_{i,j}=\theta_{i}+\theta_{j}+\ln|p_{i}-p_{j}|)$ . $xarrow\pm\infty$ , \mbox{\boldmath $\tau$}\mbox{\boldmath $\tau$} (3.1)
$w(x, y, t)arrow\{\begin{array}{l}p_{i_{\mathrm{l}}}+p_{j_{\mathrm{l}}},xarrow-\infty p_{i_{2}}+p_{j_{2}},xarrow\infty\end{array}$
. , I $\mathrm{D}$-soliton $\mathrm{D}$ Weyl $(\mathrm{i}_{1},j_{1})rightarrow(i_{2},j_{2})$
, 1 $\mathrm{D}$-soliton $[i_{1},j_{1} : i_{2)}j_{2}]$ .
1-soliton $u=2\partial w/\partial x$
$u(x, y, t).=\phi(k_{x}x+k_{y}y-\omega t)$ ,
. (3.2) $\mathrm{k}=(k_{x}, k_{y})$ $\omega$
$\mathrm{k}[i_{1},j_{1} : i_{2},j_{2}]$ $\omega$ [$i_{1},j_{1}$ : i2, $j_{2}$],
$\{\begin{array}{l}\mathrm{k}[i_{1},j_{1}..i_{2},j_{2}]=(p_{i_{2}}+p_{j_{2}}-p_{i_{1}}-p_{j_{1}},p_{i_{2}}^{2}+p_{j_{2}}^{2}-p_{i_{\mathrm{l}}}^{2}-p_{j_{1}}^{2})\omega[i_{1},j_{1}..i_{2},j_{2}]=-(p_{i_{2}}^{3}+p_{j_{2}}^{3}-p_{i_{\mathrm{l}}}^{3}-p_{j_{1}}^{3})\end{array}$




Figure 3. D-soliton [1, 2 : 3, 4] .
$(i,j)$ $b_{i,j}$
. , $b_{2,3}\neq 0$ , $[$ 1, 2 : 3, $4]- \mathrm{D}$-soliton $yarrow-\infty$
[1 : 3], [2 : 4] A-solitons ( ).
2 .
.
, I $\mathrm{D}$-soliton $c$ :
$u_{i,j}:=(p_{i}+p_{j})c+p_{i}^{2}+p_{j}^{2}$ .
$[i,j : k, l]\mathrm{D}$-soliton $c$ , $u_{ij}$ $u_{kl}$ $u_{ij}(c)=u_{kl}(c)$
. 2 $\mathrm{p}:=(p_{1}, \ldots,p_{4})=(-2, -1,0,3)$
. I $\mathrm{D}$-soliton , IA-soliton .
$u_{12}=u_{13}$ [2: 3]-soliton .
: $b_{1,2}$ $b_{1,3}$ $B$-matrix , $\tau_{1}$
IA-soliton [2 : 3] , $\tau_{1}=(b_{1,2}(p_{2}-p_{1})E_{2}+b_{1,3}(p_{3}-p_{1})E_{3})E_{1}$
. 2 $|y|arrow\infty$ .
, $b_{i,j}>0(1\leq i<j\leq 4)$ , $\tau_{1}$ 6 $E_{i}E_{j}(i<j)$
. 2 , $\mathrm{T}$-type 2A-soliton $[1, 3]$ $[2, 4]$ .
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3.2. Two $A$ -solitons
1D-soliton 2A-solitons . $\mathrm{I}$ $\mathrm{D}$-soliton
$[i,j : k, l]$ 2A-solitons $[i, k],$ $[j, l]$ $[i, l],$ $[j : k]$ (
$[\mathrm{i},j : k, l]=[i : k]\cdot[j : l]=[i : l]\cdot[j$ : $k\mathrm{J}$) . , 2
A-soliton . 1
, $\mathrm{Y}$ . , 2
$b_{i_{1},j_{1}}$ $b_{i_{2},j_{2}}$ $B$-matrix , $(\mathrm{i}_{1},j_{2})$ $(\mathrm{i}_{2},j_{2})$
, $\mathrm{Y}$ :
$\{\begin{array}{l}\mathrm{k}[i_{1},i_{2}]+\mathrm{k}[j_{1)}j_{2}]=\mathrm{k}[i_{1},j_{\mathrm{l}}..i_{2},j_{2}]\omega[i_{1},i_{2}]+\omega[j_{1},j_{2}]=\omega[i_{1},j_{1}..i_{2},j_{2}]\end{array}$
$\mathrm{k}[i : j]$ $\omega[i : j]$ $\mathrm{K}\mathrm{P}$ 1soliton
:
$\mathrm{k}[i_{1}, i_{2}]=(p_{i_{1}}-p_{i_{2}},p_{i_{1}}^{2}-p_{i_{2}}^{2})$ , $\omega[i_{1}, \mathrm{i}_{2}]=p_{i_{1}}^{3}-p_{i_{2}}^{3}$ .
3 , [1, 2 : 3, 4]-soliton 2A-solitons [1 : 3], [2 : 4]
. 2 : , 3
, $u_{12},$ $u_{34},$ $u_{23}$ . 3 1 $\mathrm{D}$-soliton( ) 2
$\mathrm{A}$-solitons ( ) . 2 , $yarrow\infty$ [1, 2 : 3, 4]-soliton
$(E_{1,2}, E_{3,4})$ , $yarrow-\infty$
$[1, 3]$ -soIiton $(E_{1,2}, E_{2,3})$ $[2, 4]$ -soliton
$(E_{2,3}, E_{3,4})$ .
2-soliton 4 ,
2 . 3 I $\mathrm{D}$-soliton two
$\mathrm{A}$-solitons . 2- new
$\mathrm{T}$-type ($\mathrm{T}\mathrm{D}$-type ) , DKP

















-4 -2 0 2 4 $\mathrm{x}$ $\sim \mathit{4}-\mathit{2}$ 0 2 4 $3\mathrm{f}$
Figure 4. $v^{-}$ . v+ .
$\tau_{2}=0(v^{+}=0)$ . generic B-matrix
$(\mathrm{D}\mathrm{e}\mathrm{t}(B)\neq 0)$ $\mathrm{T}$-type 2soliton , $\mathrm{K}\mathrm{P}$






. $\mathrm{K}\mathrm{P}$ DKP $T$-type 2soliton
6 $(E_{i,j}, (1\leq i<j\leq 4))$ .
$\mathrm{T}$-type 2A-solitons ([2, 10] ).
Example 3.1. $(1, 2)$ , $(3, 4)$ $B$-matrix( (2.1)
$B=J_{0}$) $[$ 1, 2 : 3, $4]- \mathrm{D}$-soliton :
a) $(1, 4)$ $(2, 3)$ $+1$ $[$ 1 : $3]- \mathrm{A}$-solitons $[$2 : $4]$ -A-
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{ $\mathrm{r}2$ 1 $\mathrm{O}-\mathrm{r}3$ 1\sim 4
$3\mapsto 04$ 2 or 4 2 $\mathrm{r}3$
$\mathrm{O}$-type TD-type $\mathrm{P}$-type
$\mathrm{F}i\mathrm{g}\mathrm{u}\mathrm{r}\mathrm{e}5$.D-solitons 2A-solitons 3
. $B$-matrix 2 solitons
. , (i, $b_{i,j}\neq 0$
, $[k : l]$ -soliton $(k, l)$
.
solitons ($\mathrm{T}\mathrm{D}$-type) .
b) $(1, 3)$ $(2, 4)$ C $+1$ $[$ 1 : $4]- \mathrm{A}$-solitons $[$2 : $3]$ -A-
solitons ( $\mathrm{P}$-type) .
a) $\mathrm{T}\mathrm{D}$-type AKP-soliton .
$\mathrm{T}$-type 2 $\mathrm{A}$-solitons $\mathrm{D}\mathrm{e}\mathrm{t}(B)=0$ $B$-matrix
. DKP 2A-solitons 3 .
. 5 3 2A-solitons
. 8-gon $B$-matrices
: , (i, $b_{i,j}$
, $[k$ : 1 $]$ A-soliton
$(k, l)$ . , $\mathrm{O}$-type B-matrix
generic $\langle$ (2.3) . 6 2A-solitons
. $\mathrm{K}\mathrm{P}$ . (
$\tau 2=0$ , $\tau_{1}$ ).
$\mathrm{p}=(-2, -1,0,3)$ , 2 .
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$\mathrm{O}$-type $\mathrm{T}$-type P-type
Figure6. 2A-solitons 3 .
4.
$B$-matrix 8 $\rangle\langle$ $8$ .
$\mathrm{D}$-soliton 4 , 2 $\mathrm{D}$-soliton
8 . \mbox{\boldmath $\tau$}2
$\tau_{2}=\sum_{1\leq i_{1}<\cdots<i_{4}\leq 8}\mathrm{P}\mathrm{f}(B(i_{1}, \cdots , i_{4}))\triangle$ ( $\mathrm{i}_{1},$ $\cdots$ , i4) $\exp(\sum_{k=1}^{4}\theta_{i_{k}})$ ,
. $\triangle(i_{1}, \cdots, i_{4})=\prod_{1\leq j<k\leq 4}(p_{i_{j}}-p_{i_{k}})>0$ ,
pfaffian $l\mathrm{h}$
$\mathrm{P}\mathrm{f}(B(i_{1}, \cdots, \mathrm{i}_{4}))=b_{i_{1},i_{2}}b_{i_{3},i_{4}}-b_{i_{1},i_{3}}b_{i_{2},i_{4}}+b_{i_{1},i_{4}}b_{i_{2},i_{3}}$ ,
.
4 2 $\mathrm{D}$-soliton B-matrices
. , .
1) $\{1, \ldots, 8\}$ 4 $(i_{k},j_{k}),$ $k=1,$ $\ldots,$ $4(i_{k}<j_{k})$ .
$1=i_{1}<i_{2}<\cdots<i_{4}$ , $j_{k}\neq j_{l},$ $(k\neq l)$ .
$(2 \mathrm{x}4-1)!!=105$ . 4 B-matrix
4 ( $(ik,j_{k})$ $\equiv b_{i_{k},j_{k}}(k=1,$ $\ldots,$ $4)$).
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2) $\tau_{2}$ pfaffian ,
$(\mathrm{i}_{k},j_{k})$ . $i_{k},j_{k}$ ,
pfaffian 1 Pf((i, $j$ ), $(k,$ $l)$ ) $\cdot=\pm b_{i,j}b_{k,l}$ .
overlap .
$\mathrm{P}\mathrm{f}((1,3),$ $(5,7))=b_{1,3}b_{5,7}$ , $\mathrm{P}\mathrm{f}((2,6),$ $(4,8))=-b_{2,6}b_{4,8}$ ,
.
pfaffian Pf((i, $j$ ), $(k,$ $l)$ ) $=\pm b_{i,j}b_{k,l}$ ,
:
Definition4.1. $(ij, ik)$ (il, $im$ ) $(i_{j}<i_{l})$ $\mathrm{i}j<il<\mathrm{i}_{k}<i_{m}$
partial overlap( ) , . ,
non-partial overlap( ) , . (
total overlap( ) no overlap( ) ).
$(i_{k},jk)$ $(i_{l},j_{l})$ overlap :
$\sigma_{kl}=\{\begin{array}{l}-\mathrm{i}\mathrm{f}i_{k}<i_{l}<j_{k}<j_{l}(\mathrm{p}\mathrm{a}\mathrm{r}\mathrm{t}\mathrm{i}\mathrm{a}\mathrm{l}\mathrm{o}\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{l}\mathrm{a}\mathrm{p})+\mathrm{o}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{w}\mathrm{i}\mathrm{s}\mathrm{e}\end{array}$




. \mbox{\boldmath $\tau$}\mbox{\boldmath $\tau$} $\tau_{2}$ sign-definite ,
$\mathrm{P}\mathrm{f}(B(\mathrm{i}_{1}, \cdots, \mathrm{i}_{4}))$ .
Lemma , :
Proposition 4.1. $\mathrm{i}=$ $(i_{1}, \cdots, \mathrm{i}_{4})$ $\mathrm{j}=(j_{1}, \cdots ,j_{4})$ . sign-
definite $\tau$ 33 :
a) $\mathrm{i}=(1,2,3,4)$ , $i=(j_{1}, \cdots,j_{4})$ 8 ;
(5, 6, 7, 8), (5, 8, 7, 6), (6, 5, 8, 7), (6, 7, 8, 5),
(7, 8, 5, 6), (7, 6, 5, 8), (8, 5, 6, 7), (8, 7, 6, 5).
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b) $\mathrm{i}=(1,2,3,5)$ , 4 , (4, 7, 6, 8), $(4, 7_{7}8,6),$ $(6,7,4,8),$ $(8,7,4,6)$ .
c) $\mathrm{i}=(1,2,3,6)$ , 4 , (4, 5, 8, 7), (5, 4, 7, 8), (7, 4, 5, 8), (8, 5, 4, 7).
d) $\mathrm{i}=(1,2,4,5)$ , 4 , (3, 8, 6, 7), (3, 6, 8, 7), (6, 3, 7, 8), (8, 3, 7, 6).
e) $\mathrm{i}=(1,2,4,6)$ , 1 , (8, 3, 5, 7).
f) $\mathrm{i}=(1,2,3,7)$ , 2 , (4, 5, 6, 8), $(6, 5 4_{\mathrm{t}}8)\}$ .
g) $\mathrm{i}=(1,3,4,5)$ , 2 , (2, 6, 7, 8), (2, 8, 7, 6).
h) $\mathrm{i}=(1,2,4,7)$ , 1 , (6, 3, 5, 8).
i) $\mathrm{i}=(1,3,4,6)$ , 1 , (2, 8, 5, 7).
j) $\mathrm{i}=(1,2,5,6)$ , 2 , (3, 4, 7, 8), (4, 3, 8, 7).
k) $\mathrm{i}=(1,2,5,7)$ , 1 , (4, 3, 6, 8).
1) $\mathrm{i}=(1,3,5,6)$ , 1 , (2, 4, 8, 7).
m) $\mathrm{i}=(1_{7}3,4,7)$ , 1 , (2, 6, 5, 8).
n) $\mathrm{i}=(1,3,5,7)$ , 1 , $(2, 4, 6_{7}8)$ .
n) (2.2) $B$-matrix $B=J_{0}$ .
$B$-matrices $w\in S_{8}$ $B=J_{w}:=$
$wJ_{0}w^{T}$ . $\tau$- non-singular
.
Proposition 4.1 $B$-matrices \mbox{\boldmath $\tau$}T
$\mathrm{D}$-soltion .
Theorem 4.1. $(i_{1},j_{1})<(\mathrm{i}_{2},j_{2})<(i_{3},j_{3})<(i_{4}, j_{4})$
$((i_{k},j_{k})$ :=p $+p_{j_{k}}$ ). , generic , DKP
( 7 ):
a) $[i_{1},j_{1} : i_{3},j_{3}],$ $[i_{2},j_{2} : i_{4},j_{4}]$ $[i_{1},j_{1} : i_{4},j_{4}],$ $[i_{2},j_{2} : i_{3_{7}}j_{3}]$ 2
D-solitons,
b) $\in\{2, \cdots, 4\}$ , $[i_{k},j_{k} : i_{\alpha)}j_{\alpha}],$ $[i_{l},j_{l} : i_{\alpha},j_{\alpha}],$ [$i_{m},j_{m}$ :
$i_{\alpha},j_{\alpha}]$ 3 $\mathrm{D}$-solitons( $\alpha,$ $k,$ $l,$ $m$ ).
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$\mathrm{F}\mathrm{i}\mathrm{g}\mathrm{u}\mathrm{r}\epsilon 7$. $\mathrm{i}=(1,2,3,5),$ $\mathrm{j}=(4,7,6,8)$ 2 D-solitons
3 $\mathrm{D}$-solitons. $\mathrm{p}=(-3, -2,1,2,3,4,5,6)$ 2D-
solitons. $p_{8}=8$





Proposition 4,2. Proposition 4.1 n) , 2 $\mathrm{D}$-soliton
[1, 2: 5, 6] [3, 4: 7, 8] .
:
Proposition 4.3, Proposition 4.1 a) $\mathrm{j}=(8,7,6,5)$ 2D-
soIitons, 3 $\mathrm{D}$-solitons .
Proof. .
a) 2 $\mathrm{D}$-solitons , $\mathrm{p}:=(p_{1}, p_{2}, \ldots, p_{8})=(-5, -4, -2, -1,0,3,7/2,7)$
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Figure 8. $v_{k}(c)$ $=$ $(p_{k}+p_{9-k})c+p_{k}^{2}+p_{9-k}^{2}(k$ $=$
$1,$
$\ldots,$
$4)$ . $\mathrm{p}=(-5, -4, -2, -1,0,3,7/2,7)$
[1, 8 : 4, 5] [2, 7 : 3, 6] 2 $\mathrm{D}$-soliton solutions, $\mathrm{p}=$
$(-5, -7/2, -2, -1,0,3,4,7)$ [1, 8 : 2, 7], [2, 7 : 3, 6],
[2, 7: 4, 5] 3 $\mathrm{D}$-solitons . $v_{2}$ .
Figure 9. 8 2 $\mathrm{D}$-solitons 3 $\mathrm{D}$-solitons
. $w=(\ln\tau_{2})_{x}$ , $xarrow-\infty$ $warrow(i_{1},j_{1}, i_{2)}j_{2})$ ,
$xarrow\infty$ $warrow(i_{3},j_{3}, \mathrm{i}_{4},j_{4})$ . $\mathrm{D}arrow$
solitons 8 .
. , 8 [1, 8 : 4, 5], [2, 7 : 3, 6]
$\mathrm{D}$-solitons .
b) 3 $\mathrm{D}$-solitons , $\mathrm{p}:=(p_{1},p_{2}, \ldots,p_{8})=(-5, -7/2, -2, -1,0,3,4,7)$
. , 8 [1, 8 : 2, 7], [2, 7 : 3, 6],
140
[2, 7 : 4, 5] $\mathrm{D}$-solitons .
9 , .
, $\mathrm{D}$-soliton $\mathrm{D}$ Weyl $W^{D}$
. 2 $\mathrm{D}$-solitons , , $w_{1,3}$ : $(i_{1},j_{1})+arrow$
$(i_{3},j_{3})$ $w_{2,4}$ : $(i_{2},j_{2})rightarrow(i_{4},j_{4})$ .
$W^{D}$ , $(i_{1},j_{1}, i_{2},j_{2})$
( $(i_{1},j_{1}, i_{2},j_{2}),$ $(i_{1},j_{1}, i_{4},j_{4})$ ,
$(i_{2},j_{2}, i_{3_{\rangle}}j_{3}),$ $(i_{3},j_{3}, i_{4},j_{4})$ ). \mbox{\boldmath $\tau$}\mbox{\boldmath $\tau$}
$(\hat{E}_{1}\hat{E}_{2},\hat{E}_{1}\hat{E}_{4},\hat{E}_{2}\hat{E}_{3},\hat{E}_{3}\hat{E}_{4})$. \mbox{\boldmath $\tau$}\mbox{\boldmath $\tau$} ,
$(i_{1},j_{1}, \mathrm{i}_{3},j_{3})$ $(i_{2},j_{2}, i_{4},j_{4})$ 2 (




3 $\mathrm{D}$-soliton ( $[i_{1},j_{1} : i_{2},j_{2}],$ $[i_{2},j_{2}, i_{3},j_{3}]$ , [i2, $j_{2}$ : i4, $j_{4}$]
), $w_{1,2},$ $w_{2,3},$ $w_{2,4}$ . , $w_{1,3}$ ,
$w_{1,4},$ $w_{3,4}$ , $\mathrm{D}$-soliton
. $wk,l$ $[\mathrm{i}_{k},j_{k} : i_{l},j_{l}]$ $\mathrm{D}$-soliton .
$w_{i,2}\cdot w_{2,j}=w_{i,j}$ . 9 , 8 2 $\mathrm{D}$-soliton 3
$\mathrm{D}$-soliton .
$\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{o}\mathrm{S}_{1}^{\mathrm{i}}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}4.1$ 2 $\mathrm{D}$-soliton , :
Proposition 4.4. 2 $\mathrm{D}$-solitons , 1
, . , 1 T-type
.
Proposition 4.1 3 $\mathrm{D}$-soliton , :
$\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{p}_{\mathrm{o}\mathrm{S}\acute{1}}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}4.5$ . 3 $\mathrm{D}$-soliton $\mathrm{Y}$ .
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3 $\mathrm{D}$-soliton , 4 $\mathrm{Y}$
.
, $M=4N$ . $2N$
$b_{i_{k},j_{k}}(k=1, \ldots, N, 1=\mathrm{i}_{1}<\cdots<i_{N}, i_{k}<j_{k})$ $B$-matrix
.
Proposition $4.\epsilon$. $J_{0}(2.1)$ $4N\mathrm{x}4NB$-matrix
\sim N (1.2) generic $N\mathrm{D}$-solitons .
$B$-matrix $B=J_{w}$ . $J_{w}$ $:=wJ_{0}w^{T}$




$0$ 0 0 0 0 1
0 0 0 10... .$\cdot$. .$\cdot$.
0 1 0 0




Proposition 4.7. (4.1) $4N\mathrm{x}4NB$-matrix
\mbox{\boldmath $\tau$}Nm (1.2) $\mathrm{D}$-solitons $N$ $2N-1$
.
5.
DKP pfaffian , Weyl
. ,
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